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ABSTRACT 
The matrices of order n defined, ,j,n terms of the n arbitrary numbers xi, by the 
formulaeX=diag(xi) and Zik=~ik~‘(~i-~,)~l+(l-Sik)(~i-~~)~l, are repre- 
I=1 
sentations of the multiplicative operator [ and of the differential operator d/d.$ in a 
space spanned by the polynomials in [ of degree less than n. This elementary fact 
implies a number of remarkable formulae involving these matrices, including novel 
representations of the classical polynomials. 
1. INTRODUCTION AND MAIN RESULTS 
Throughout this paper n is an integer larger than unity. AU vectors are of 
order n, and are denoted by lowercase Latin characters. AII matrices are 
square and of order n, and are denoted by uppercase Latin characters. The 
indices j, k, 1, m always run from 1 to n; other indices (p, 4, r, s) have the 
ranges specified in each case. 
Let xi be n arbitrary numbers (ail different). Construct with these 
numbers the two matrices 
xi, = Qxi) (1.1) 
Zik=61L~r(Ti-XI)-1+(1-Gik)(Ti-Tk)-1. (1.2) 
I=1 
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Here and below the prime indicates omission of the singular term, and aj, is 
the Kronecker symbol, St, = 1 if i = k, aj, = 0 if j # k. 
It has been recently noted that these two matrices are representations, 
respectively, of the multiplicative operator [ and of the differential operator 
d/d& in a space spanned by polynomials in 6 of degree less than n (and 
several consequences of this fact have been investigated) [l-3]. In particular 
it has been noted [l] that this provides a simple explanation of the discovery 
(originally made in a rather tortuous way [4], as a by-product of the study of 
certain integrable dynamical systems [5]) that the matrix 
N= XZ, (1.3a) 
(1.3b) 
has the first n nonnegative integers as its eigenvalues: 
No(*) = (m - l)Z)(“L). 0.4 
The explicit definition of the eigenvector ocrn) reads 
(The fact that the eigenvalues of N are independent of the values of the n 
numbers xi motivates the use of the term “isospectral” in the title of this 
paper; see also below for other instances of isospectral matrices). 
In this paper we note that it is possible to introduce two other matrices, 
A( 2 ), that act on the eigenvectors of N as raising and lowering operators: 
A(-)D(m) = (m _ 1)&-l), (1.6) 
A(+)v(m) = (l- anm)@+l). (1.7) 
These matrices have the following simple expressions in terms of the n 
numbers xi: 
A(-)=Z, (1.8) 
n 
Aji:)=8ik~j-~rn’(xi-~1)-‘; 
Z=l 
(1.9) 
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they are related to N by the standard formulae 
N= &+‘A’-‘, (1.10) 
[N, AC”] = %A(*); (1.11) 
and they are of course nilpotent: 
[A’+‘]“= [A’-‘]“=@ (1.12) 
These results imply [l] the following 
THEOREM. The eigenvalues t.~ of the generalized eigenvalue equation 
Mye)v(e) =pM(2)(e)v(e), (1.13) 
where the two matrices M(‘)( 8) and M@)( (3) are defined by 
&p’(e) = g y “z’ c&:exp[i(r - q)e] [A(-)]~[A’+)]‘NP, s = 1,2, 
p=o q=o r=O 
(1.14) 
coincide with the eigenvalues of the generalized eigenvalue equation 
(1.15) 
where the matrices R(l) and RC2) are defined by the formula 
R$'=[(j-l)!]-' g 
n-j 
(k-QP 
p=o 
9=~~~,e_i)c~~b,9+i-~(j+Y-l)!’ 
(1.16) 
s = 1,2 [(k-l)‘=0 if p=O]. 
Thus these eigenvalues are independent of the values of the numbers xi and 
of the parameter B (provided the coefficients ci$ are independent of these 
quantities). 
As in [l], it is of interest to consider special cases of this theorem, 
corresponding to appropriate simple choices of the coefficients ck”,‘r, such that 
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(1.15) reproduces the recursion relation of the classical polynomials and the 
corresponding eigenvalues coincide with the zeros of these polynomials. One 
gets for instance in this manner the following 
PROPOSITION. The n eigenvalues of the matrix 
McH)(B) = 22’/2[A(-)exp( - ie)+ A(+)exp(ir3)] (1.17) 
coincide with the n zeros XI”) of the Hermite polynomial H,(r) [6]: 
Hn( .jn)) = 0, (1.18) 
(1.19) 
This proposition immediately implies the following 
COROLLARY. There holds for Hermite polynomials [6] the representation 
(1.20) 
Here of course Z is the unit matrix and &f(H)(0) is the matrix defined, in 
terms of the n +l arbitrary numbers xi and 8, by (1.17), (1.9), (1.8), and 
(1.2). 
There are analogous results for ah the classical polynomials (Laguerre, 
Legendre, Gegenbauer, Jacobi); see below. 
2. PROOFS AND DISCUSSION 
The results of this paper follow straightforwardly from those of [l] and [2]. 
Therefore our treatment here will be terse. The results, and notation, of [l] 
and [2] will be used without reporting them anew; (M.x) will denote 
Equation (x) of [l], (1.x) Equation (x) of [2]. 
The basic result of this paper is embodied in (1.6) and (1.7). Actually the 
first of these formulae, (1.6), is not new; see for instance (1.1.19) or (M.3.9). 
The validity of the second, (1.7), follows from the remark that the definition 
(1.9) of A(+) can be cast in the form 
A’+)= X(Z - P), (2.1) 
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where I is the unit matrix and P is defined by the formula 
(2.2) 
[see (1.1.13) (1.1.14) (1.1.15) and (I.l.lSa)]. Thus [see (1.1.29)] the matrix P is 
the projector on the nth eigenvector of N: 
PO(*) = 8&P). (2.3) 
Clearly this formula, together with (2.1) and (1.1.21) [or (M.3.10)] implies 
(1.7). 
The validity of (1.10) is an immediate consequence of (1.3) (2.1), (2.2) 
(1.8), and (1.1.25b); as for (l.ll), the case with the negative sign is merely a 
special case of (I.l.lO), while the case with the positive sign follows from (2.1) 
and from (1.1.9), using the two formulae 
PN=NP=(n-l)P, (2.4) 
IP = I, (2.5) 
which are clearly implied by the definition (2.2) of P [or, equivalently, by its 
property (2.3); for the validity of the last formula, see also (1.1.23)]. 
The remaining results of the preceding section are straightforward analogs 
of results of Section 4 of [l]. In [l], these results are proven for the special 
choice (M.4.1.3) of the numbers xi; but in fact the only properties required to 
establish them are the raising and lowering formulae characterizing the 
operators A(+) and A’-) [see (M.4.1.18)], which coincide with (1.6) and (1.7). 
Thus the results of Section 4 of [l] remain valid in the more general context of 
an arbitrary choice of the n numbers xi, provided the definitions (M.4.1.17) of 
A”’ are replaced by (1.8) and (1.9) [’ mcidentally, it is easily verified, using 
(2.2) (M.4.1.1) (M.4.1.5) (1.1.13), (I.l.l6a), and (1.1.6) that, for the special 
choice (M.4.1.3), P = J/n, which displays the consistency of (2.1) with the 
second formula (M.4.1.17)]. In particular the theorem corresponds to Lemma 
4.1.1 of [l] [note the extended validity also of formulae that we have not 
reported, such as (M.4.1.30)], the Proposition corresponds to Proposition 4.1.1 
of [l] [again note the applicability of (M.4.1.36)], and the Corollary corre- 
sponds to Corollary 4.1.1.1 of [l]. 
We forsake any other repetition here of the results of [l], except for 
mentioning that representations analogous to that provided by (1.20) for 
Hermite polynomials are given for Laguerre polynomials by (M.4.1.46) and 
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(M.4.1.42), for Legendre polynomials by (M.4.1.53) and (M.4.1.49), for 
Gegenbauer polynomials by (M.4.1.58) and (M.4.1.54), and for Jacobi poly- 
nomials by (M.4.1.63) and (M.4.1.59) [with the matrices N, A’+), and A(-) 
always defined, in terms of the R arbitrary numbers xi, by (1.3), (1.8) with 
(1.2), and (1.9)]. 
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